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Discrete Noether Currents
Gerhart Seidl∗
D 91207 Lauf a.d. Pegnitz, Germany
We present a simple generalization of Noether’s theorem for discrete symmetries in relativistic
continuum field theories. We calculate explicitly the conserved current for several discrete spacetime
and internal symmetries. In addition, we formulate an analogue of the Ward-Takahashi identity for
the Noether current associated with a discrete symmetry.
PACS numbers: 11.30.Fs,11.30.Ly,11.30.Pb,12.60.Jv
I. INTRODUCTION
Noether’s first theorem [1] expresses probably the most
powerful insight into the nature of symmetries in physics.
It states that if an action is invariant under a continu-
ous global symmetry transformation, then there exists a
conserved current and, thus, a charge that is constant in
time.
This relation has profound implications for all physi-
cal systems exhibiting such an invariance. For example,
even though it has been initially formulated for a classical
on-shell theory, Noether’s theorem possesses a quantum
analogue in terms of the Ward-Takahashi identities [2],
which have to be satisfied by any quantum field theory
to ensure renormalizability.
Whereas Noether’s theorem is dealing with continu-
ous symmetries, there are also a number of discrete sym-
metries such as charge-conjugation C, parity P , time-
reversal T , and their combinations CP and CPT [3],
which are of fundamental importance in relativistically
invariant theories. In particular, the breaking of these
symmetries, with the exception of CPT , is crucial for the
understanding of the observed matter-antimatter asym-
metry in the universe [4]. It seems therefore natural to
ask how a realization of Noether’s theorem for discrete
symmetries would look like.
In this paper, we will consider a simple generalization
of Noether’s first theorem to discrete groups in usual
four-dimensional relativistic field theory. After stating
the general formula in Sec. II, we will show how to cal-
culate explicitly the conserved Noether currents for sev-
eral spacetime and internal symmetries in Sec III. Then,
in Sec. IV, we will formulate an analogue of the Ward-
Takahashi identity for discrete symmetries. Finally, we
will present in Sec. V our conclusions.
II. FINITE TRANSFORMATIONS
Consider for a set of fields Ψi(x), where i = 1, 2, . . . ,
at the spacetime point x = (t,x) the variations
Ψi(x)→ Ψ
′
i(x) = Ψi(x) + Fi(x), (1)
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with Fi(x) depending on the fields Ψi(x) and their deriva-
tives ∂µΨi(x), where µ = 0, 1, 2, 3 are the spacetime in-
dices. We suppose that the variations in (1) describe a
discrete symmetry transformation. The variations Fi(x)
are, therefore, not infinitesimal but finite. In this chap-
ter, we will compare with the continuous case in [5]
and discuss for the symmetry transformations the fol-
lowing three possibilities: invariance of the action, the
Lagrangian, or the Lagrangian density.
Generally, for (1) to be a symmetry transformation,
it is necessary that it leave the equations of motion or,
equivalently, the action S[Ψ], which is a functional of Ψ,
invariant. This is ensured when the Lagrangian density
changes under (1) only up to a 4-divergence. The varia-
tion of the action δS[Ψ] under (1) then becomes
0 = δS[Ψ] =
∫
d4x∂µJ
µ(x), (2)
where J µ(x) is the Noether current. From (2), we see
that the current must be conserved, that is,
∂µJ
µ(x) = 0, (3)
which implies, for fields that become zero at spacial in-
finity, the existence of a Noether charge
Q(t) =
∫
d3xJ 0(x)
that is a constant of the motion:
d
dt
Q(t) = 0.
The above identities are exactly what we would also ob-
tain for a continuous symmetry. A difference to the con-
tinuous case is, however, that it seems not important to
require that the discrete symmetry hold without using
the equations of motion. The reason is that even though
the action for fields that obey the equations of motion is
left invariant by infinitesimal variations, we cannot gen-
erally expect this to carry over to finite transformations.
If not only the action but also the Lagrangian
L[Ψ(t), Ψ˙(t)], which is a functional of Ψ(t) and Ψ˙(t), re-
mains invariant under the symmetry, we arrive at an ex-
plicit expression for the Noether charge. In this case, the
variation of the Lagrangian is
0 =
∑
k+l≥1
1
k!l!
δk+lL[Ψ(t), Ψ˙(t)]
δΨi(x)kδΨ˙j(x)l
Fi(x)
kF˙j(x)
l.
2We treat the variational derivatives as if the fields were
c-number variables, with the understanding that appro-
priate minus signs, commutators, and anticommutators
are provided at the quantum mechanical level [5]. From
(2) and (3), we then find after partial integration and
application of the field equations for the Noether charge
Q(t) =
δL[Ψ(t), Ψ˙(t)]
δΨ˙i(x)
Fi(x) (4)
+
∫
dt
∑
k+l≥2
1
k!l!
δk+lL[Ψ(t), Ψ˙(t)]
δΨi(x)kδΨ˙j(x)l
Fi(x)
kF˙j(x)
l,
where the terms in the second line are new and due to
the fact that the symmetry is discrete. In the limit that
Fi(x) and F˙i(x) become infinitesimal, these terms drop
out and we recover the expression for the Noether charge
known for continuous symmetries.
If, in addition, the Lagrangian density
L
(
Ψ(x), ∂µΨ(x)
)
, which is an ordinary scalar func-
tion of Ψ(x) and ∂µΨ(x), is invariant under (1), too,
we obtain an explicit formula for the Noether current.
Invariance of L implies
0 =
δL
(
Ψ(x), ∂µΨ(x)
)
δΨi(x)
Fi(x)
+
δL
(
Ψ(x), ∂µΨ(x)
)
δ∂µΨi(x)
∂µFi(x) +N (x), (5)
where N (x) is given by
N (x) =
∑
k+l≥2
1
k!l!
δk+lL
(
Ψ(x), ∂µΨ(x)
)
δΨi(x)kδ∂µΨj(x)l
× Fi(x)
k∂µFj(x)
l. (6)
The first two terms in (5) are familiar from the continu-
ous case, whereas N (x) includes the extra contributions
that are due to the discrete nature of the field variations
and, again, disappear in the limit that these become in-
finitesimal.
Using now the equations of motion to combine the first
two terms in (5), we obtain
∂µ
[δL(Ψ(x), ∂µΨ(x))
δ(∂µΨi(x))
Fi(x)
]
+ ∂µK
µ(x) = 0, (7)
where the expression in the square bracket is the Noether
current that one would obtain if the variations were in-
finitesimal and Kµ(x) is a contribution to this current
satisfying ∂µKµ(x) = N (x).
Viewing N (x) in (6) as the source term of the inhomo-
geneous wave equation, we find for Kµ(x) the solution
Kµ(x) = ∂µ
∫
d4y G(x− y)N (y),
where G(x − y) is the Green’s function of the
d’Alembertian, which may be specialized to the retarded
Green’s function
G−(x− y) =
1
4π|~x− ~y|
δ(x0 − y0 − |x− y|).
In the discrete case, the conserved Noether current J µ(x)
is therefore given by
J µ(x) = J µ(x)c + J
µ(x)d, (8)
where J µ(x)c is the expression in the square bracket in
(7), which is known from the continuous case, whereas
J µ(x)d =
i
(2π)4
∫
d4k d4y
kµN (y)
(k0 + iǫ)− k2
e−ik(x−y) (9)
is new and due to the symmetry being discrete.
So far, we have discussed discrete Noether currents and
charges in a general classical field theory. In the next sec-
tion, we will apply our results to the discrete symmetries
of the standard model and internal symmetries.
III. DISCRETE NOETHER CURRENTS FOR
SPACETIME AND INTERNAL SYMMETRIES
In this section, we will describe how to determine the
Noether currents for discrete symmetries in three sim-
ple example field theories: that for (i) a self-interacting,
complex Klein-Gordon field, (ii) an Abelian gauge the-
ory with fermionic matter fields, and (iii) a model with
a flavor symmetry. We will cover both spacetime and
internal symmetries. In the standard model, relevant ex-
amples for discrete symmetries are the spacetime sym-
metries P,C, T, and their combinations. The importance
of these stems from the fact that the gravitational, elec-
tromagnetic, and strong interactions all conserve parity,
charge conjugation, and time-reversal, whereas the weak
interactions violate all of these, including CP [6], but re-
spect CPT . As a representative of an internal symmetry,
on the other hand, we will consider a simple flavor sym-
metry. Beyond the standard model, flavor symmetries
prove to be relevant to provide insight into the riddle of
the origin of the observed fermion masses and mixings.
Let us first determine the discrete Noether current for
the simplest non-trivial model that can implement C.
This is provided by a complex, self-interacting scalar field
φ(x) that has the Lagrangian density
L(x) = |∂µφ(x)|
2 −m2|φ(x)|2 − λ|φ(x)|4, (10)
where m is the mass and λ is a dimensionless self-
coupling.
Treating φ(x) and φ∗(x) as independent variables, the
quantity N (x) in (6) takes for a given finite variation
F(x) of φ(x) the form
N (x) = |∂µF(x)|
2 −m2|F(x)|2 − λ|F(x)|4
−λ
[
φ∗(x)2F(x)2 + φ∗(x)|F(x)|2F(x) + h.c.] (11)
3To obtain the conserved Noether current J (x) in (8) for
an arbitrary discrete symmetry transformation, we just
need to insert into J µ(x)c and (11) for J µ(x)d the cor-
responding F(x). In the special case of CPT -invariance,
for example, we have
F(x) = ηcptφ
∗(−x)− φ(x),
where ηcpt is a phase. In a similar way, we can obtain
all the conserved Noether currents for the other discrete
symmetries of this scalar theory.
Next, let us proceed to an Abelian gauge theory, which
represents the simplest case of fermionic matter that in-
teracts with gauge bosons. The Lagrangian density is
L(x) = ψ(x)
(
i✚D(x) −m
)
ψ(x)−
1
4
Fµν(x)F
µν(x),
where ψ(x) is a Dirac fermion field, ψ(x) = ψ†(x)γ0
is the Dirac adjoint, ✚D(x) = γµ(∂µ + igAµ(x)) is
the gauge covariant derivative, Aµ(x) is a gauge field,
Fµν(x) = ∂µAν(x) − ∂νAµ(x) the field strength, g the
gauge coupling, and γµ are the gamma matrices. Vary-
ing ψ(x), ψ(x), and Aµ(x) independently, we find
N (x) = F1(x)(i✚D −m)F1(x) −
1
4
F2µν(x)F
µν
2 (x)
−g
[
ψ(x)✚✚F2(x)F1(x) + h.c.
]
− gF1(x)✚✚F2(x)F1(x), (12)
where F1(x) and F2µ(x) are the finite variations of
ψ(x) and Aµ(x), respectively, ✚✚F2(x) = γ
µF2µ(x), and
F2µν(x) = ∂µF2ν(x) − ∂νF2µ(x). Specializing to CP -
invariance, the variations are
F1(x) = −iηcpγ
2γ0ψ∗(Px)− ψ(x),
F2µ(x) = −Aµ(Px)−Aµ(x),
where P denotes space inversion, which maps x onto
Px = (t,−x) and ηcp is a phase. The Noether currents
for all other possible discrete symmetries of this gauge
theory follow in a completely analogous way. The dis-
crete symmetries of the standard model lead to expres-
sions of the Noether currents that are not much different
from those of our simple gauge theory case. Qualitatively
new terms arise in N (x) from the tri-linear and quartic
couplings of the gauge bosons of the non-Abelian gauge
groups and the quartic interaction of the Higgs boson.
A simple prototype model for a flavor symmetry is
obtained by combining the above two examples. This
is achieved by introducing several generations of Dirac
fermion fields ψi(x) and assigning them, as well as the
scalar φ(x), individual charges under a discrete flavor
group G that is isomorphic to Zn (for a systematic scan,
see [7]). If the theory is chiral, such as the standard
model, the fermion mass terms are generated after spon-
taneous symmetry breaking via the Yukawa interactions
L(x) = Y ijφ(x)ψi(x)ψj(x) + h.c. + . . . , (13)
where Y ij are dimensionless Yukawa couplings and the
dots denote higher-dimensional interactions. The scalar
and the fermions contribute to N (x) via terms similar to
(11) and the first term in (12). The Yukawa interactions
in (13) provide further contributions to N (x) of the form
N (x) ⊃ Y ijFφ(x)
[
F i(x)ψj(x) + ψi(x)Fj(x)
]
+Y ij
[
φ(x) + Fφ(x)
]
F i(x)Fj(x) + h.c. + . . . ,
where Fi(x) denotes the finite variations of the fermions
and Fφ(x) that of the scalar under application of G.
They read
Fi(x) = (1− e
i 2pi
N
ni)ψi(x), Fφ(x) = (1 − e
i 2pi
N
nφ)φ(x),
where the integers ni and nφ denote the Zn charges of
ψi(x) and φ(x), respectively. Given our simple exam-
ple, it is straightforward how to determine the discrete
Noether currents in more complicated models that are
based, for instance, on non-Abelian flavor symmetries,
such as A4 [8].
So far, our investigations have been restricted only to
the classical level. In the next section, we will derive a
quantum version of the discrete Noether current.
IV. QUANTUM VERSION OF THE DISCRETE
NOETHER CURRENT
In this section, we will give a quantum version of the
discrete Noether current in the functional integral for-
malism. Consider for this purpose a discrete group G
that can, for for a given field theory, be embedded into
a continuous group U , which need not be a symmetry of
the Lagrangian density. This is possible, if we suppose
that G be stable under quantum gravity corrections and
may hence be gauged [9]. To highlight the basic idea, we
will focus on the scalar theory from the previous section,
before commenting on the gauge theory case. In doing
so, we maintain a close connection with the treatment
for continuous symmetries given in [10].
Subjecting the scalar field φ(x) to a transformation
under U , it will get mapped as in (1), but now with the
finite variations Fi(x) explicitly depending on real, con-
tinuous group parameters αj , where j = 1, . . . , n, that
characterize the elements of U . If the measure of func-
tional integration, Dφ, remains invariant under U , we
have the following identity for path integrals∫
Dφ eiS[φ]φ(x1)φ
∗(x2) =
∫
Dφ eiS[φ
′]φ′(x1)φ
′∗(x2),
where φ′(x) is the image of φ(x) under U and we have
used that the value of the path integral does not change
under such a transformation of the integration variable.
This relation is satisfied for all values of αj . Specializing
the αj to the set of discrete values βj that restrict U to
the subgroup G, we hence obtain that
0 =
∂
∂αj
∫
Dφ eiS[φ]
(
i
∫
d4x
[
∂µJ
µ(x)
]
φ′(x1)φ
′∗(x2)
+φ′(x1)φ
′∗(x2)
)∣∣∣
αj=βj
,
4where we have used the equations of motion and J µ(x) is
the discrete Noether current associated with G. Division
by
∫
Dφ exp(iS[φ]) then leads to
〈 ∂
∂αj
[∂µJ
µ(x)] φ′(x1)φ
′∗(x2)
〉∣∣∣
αj=βj
= (−i)
〈[ ∂
∂αj
F(x1)
]
δ(x− x1)φ
′∗(x2) (14)
+φ′(x1)δ(x− x2)
∂
∂αj
F∗(x2)
〉∣∣∣
αj=βj
,
where φ′(x) = φ(x) + F(x) and the angle brackets de-
note the time-ordered product in which derivatives are
placed outside the time-ordering symbol. We see that
(14) yields the classical conservation law accompanied
by contact terms, that is, the Schwinger-Dyson equation
belonging to the discrete Noether current. Again, if F(x)
is infinitesimal, the above equations reduce to those for
a continuous symmetry.
In the gauge theory case of the previous section, we
arrive at very similar relations by replacing the path in-
tegral measure by DψDψDA, φ by ψ, φ∗ by ψ, and F
by F1. Our results can be easily generalized to arbitrary
numbers and types of fields, such that we shall interpret
(14) as an analogue of the Ward-Takahashi identity for
discrete symmetries.
V. CONCLUSIONS
Even though Noether’s first theorem has originally
been formulated for continuous symmetries, it is not diffi-
cult to extend it to discrete transformations. These play
not only an important role in any Lorentz-invariant field
theory, such as the standard model, but are also relevant
in new theories addressing, for example, the problem of
fermion masses and mixings.
Our discrete version of Noether’s theorem refers to
genuinely discrete symmetries by assuming a usual four-
dimensional continuum field theory and can be applied to
discrete Abelian and non-Abelian groups. As a showcase,
we have exhibited how to calculate explicit expressions of
the Noether currents for discrete spacetime and internal
symmetries for a complex Klein-Gordon field, Abelian
gauge theories, and models with Yukawa interactions.
We have also demonstrated that the classical discrete
Noether current possesses a quantum analogue of the
Schwinger-Dyson equations or Ward-Takahashi identity.
The implementation of the discrete Noether theorem for
realistic field theories incorporating the gauge group and
field content of the standard model is straightforward.
In view of the vast amount of possible finite groups [11],
it is conceivable that our results may offer tools for the
development of theories that utilize discrete symmetries
in order to improve our understanding of the observed
parameters in nature.
Acknowledgements
I would like to thank R. Ru¨ckl for pointing out the re-
striction of Noether’s first theorem to continuous groups.
[1] E. Noether, Gott. Nachr. 1918, 235 (1918) [Transp. The-
ory Statist. Phys. 1, 186 (1971)].
[2] J. C. Ward, Phys. Rev. 78, 182 (1950); Y. Takahashi,
Nuovo Cim. 6, 371 (1957).
[3] J.S. Bell, Birmingham University thesis (1954); G.
Lu¨ders, Det. Kong. Danske Videnskabernes Selskab
Mat.fysiske Meddelelser 28, no. 5 (1954); W. Pauli, in
W. Pauli, ed., Niels Bohr and the Development of Physics
(McGraw-Hill, New York, 1955).
[4] A. D. Sakharov, Pisma Zh. Eksp. Teor. Fiz. 5, 32 (1967).
[5] S. Weinberg, The Quantum Theory of Fields. Vol. 1:
Foundations (Cambridge University Press, Cambridge,
1996): Chapters 7.2 and 7.3.
[6] J. H. Christenson, J. W. Cronin, V. L. Fitch and
R. Turlay, Phys. Rev. Lett. 13, 138 (1964).
[7] F. Plentinger and G. Seidl, Phys. Rev. D 78, 045004
(2008).
[8] K. S. Babu, E. Ma and J. W. F. Valle, Phys. Lett. B 552,
207 (2003).
[9] L. M. Krauss and F. Wilczek, Phys. Rev. Lett. 62, 1221
(1989).
[10] M. E. Peskin and D. V. Schroeder, An Introduction to
Quantum Field Theory (Addison-Wesley, Reading, 1995):
Chapter 9.6.
[11] D. Gorenstein Finite Simple Groups; An Introduction to
their Classification (Plenum, New York, 1983); The Clas-
sification of the Finite Simple Groups, I (Plenum, New
York, 1983).
